. We show that any eight-dimensional oriented manifold M possessing smooth circle action with exactly three fixed points has the same weight system as some circle action on HP 2 . It follows that Pontryagin numbers and equivariant cohomology of M coincide to that of HP 2 ; if M admits cellular decomposition of only three cells, it is diffeomorphic to HP 2 .
It is well-known that quaternionic projective plane HP 2 admits circle action with exactly three fixed points. This action is of particular interest by several reasons. First, HP 2 is an even-dimensional homogeneous space admitting no complex or almost complex structure on it but still having vast group of symmetries. The other reason is that examples of circle actions with exactly three isolated fixed points are surprisingly rare. The only known examples of homogeneous spaces G/H admitting action of one-dimensional subgroup of G with exactly three fixed points include CP 2 , HP 2 and CaP 2 . Speaking of HP 2 , one can notice that this manifold also admits a cellular decomposition with exactly three cells. Considering standart circle action on CP 2 with isolated fixed points, we know that it is Hamiltonian w.r.t. standart sympectic structure. Since Hamiltonian is always a Morse function, it produces cellular decomposition of CP 2 and cells correspond to fixed points of original action. Therefore, situations on HP 2 and CP 2 are in some sense parallel, but clearly HP 2 has no symplectic structure (since it cannot be almost complex) and no Hamiltonian actions. The connection between circle action and topology of manifold in this case would be more subtle, if it exists at all.
We recall that quaternionic projective plane is usually defined as a quotient space (H 3 * / ∼), where
3 ) = (y 1 q, y 2 q, y 3 q) for some q ∈ H \ {0}. We assume that circle group S 1 is a group of complex numbers with absolute value 1 and multiplication operation, together with a natural inclusion into H \ {0} by formula
Consider now two families of circle actions on HP 2 :
(1) Standart action of the form e 2πit · (x 1 : x 2 : x 3 ) = (e 2k 1 πit x 1 : e 2k 2 πit x 2 : e 2k 3 πit x 3 ),
On CP 2 these families of actions are in fact equivalent since C is commutative. However, they are different on HP 2 -their possible sets of action weights in fixed points have an empty intersection, as we will see later.
If circle acts smoothly on an oriented manifold with only isolated fixed points, then every fixed point determines a tangent representation of the circle. This representation may be split in sum of two-dimensional irreducible circle representations and they in turn are characterized by a single invariant -a positive integer called weight of action. One can also assign to every fixed point its sign -depending on whether orientations of manifold and of direct sum of two-dimensional representations coincide. Theorem 1. The set of weights of any smooth circle action on 8-dimensional closed oriented manifold M 8 with exactly three fixed points is equivalent to set of weights of some circle action on HP 2 belonging to one of two families defined above. The parameters of action are uniquely restored from weights in fixed points. Note that 1 implies that Pontryagin numbers and equivariant cohomology of the manifold coincide with that of HP 2 . This is a consequence of localization theorem; we will give a more precise formulation later.
Let us now show how one can deduce 2 from 1. As shown in [1] , smooth manifolds admitting cellular decomposition with exactly three cells are determined up to diffeomorphism by their Pontryagin numbers. But since manifold's set of action weights coincides with set of weights of some action on HP 2 , by localization theorem their Pontryagin numbers also coincide -this implies 2. The proof of theorem 1 is actually the subject of this paper.
Without restructions, we may consider our circle action on M 8 effective. In particular, GCD of all weights in a single fixed point is always 1.
Here are three main lemmas that will be used in proof. While giving formulations, we will consider generic case of circle acting smoothly on 2n-dimensional oriented closed manifold M 2n with m fixed points. Denote by {a ki } weights in a fixed point q i , i = 1 . . . m, k = 1 . . . n. [5] , [6] ). Denote by p σ (M 2n ) Pontryagin class corresponding to σ -symmetric polynomial in n variables and of degree n. Then
Lemma 1. (localization theorem,
Here as usual we consider
Actually, this will be the only case that we will be using in this paper. Going back to action of S 1 on M 8 with three fixed points, we obtain two homogeneous equations on weights -for unity class and first Pontryagin class:
Note that localization theorem for unity class immediately implies non-existance of circle action with only one fixed point. From now and on justification by localization theorem will usually mean by applying localization theorem for unity Pontryagin class -we will state explicitly if some other characteristic class is being used in corresponding formula.
Lemma 2. (weights of finite subgroup actions, [3]
). Let a = 1 be one of the weights in fixed point q i .
(1) The set M Za of points invariant under action of Z a ⊂ S 1 on M 2n , is a disjoint union of connected smooth submanifolds (of possibly different dimensions) in M 2n . (2) If weight a is also present among weights of fixed point q j , then sets of weights in points q i и q j coincide after factorization
Lemma 2 has a very interesting implication in case of circle action with only three fixed points. Every component of Z a ⊂ S 1 is itself a manifold equipped with circle action having only isolated fixed points -they are essentialy the same as for original action. By localization theorem, there may not exist components carrying exactly one fixed point. So if mult j (a) is a number of weights in point q j that are multiples of integer a > 1, then all nonzero numbers mult j (a) for j = 1 . . . 3 should be equal to each other. Lemma 3. (weight pairing and weight graph, [4] , [2] ). Weights of a circle action may be split in pairs of equal weights corresponding to different fixed points.
Lemma 3 implies that weights in fixed points q 1 , q 2 , q 3 on our manifold M 8 may be split in pairs by a unique way:
• weights in q 1 have the form a 1 , a 2 , b 1 , b 2 ;
• weights in q 2 have the form a 1 , a 2 , c 1 , c 2 ;
• weights in q 3 have the form b 1 , b 2 , c 1 , c 2 . We may assume without loss of generality that a 1 is a maximum weight among all. By localization theorem, a 1 > 1. Now let's apply 2 to our setting. It turns out that there are exactly three possibilities for weights c 1 и c 2 :
(
We will show that only case 1 is consistent. One can explicitly write an action on HP 2 with weights distribution as in case 1. Note also that in any case all three fixed points can not have the same sign -this again contradicts localization theorem.
Case One
In this case we consider that c 1 = a 1 − b 1 , c 2 = a 1 − b 2 . We will start from showing that sign distribution of the form (+ + −) is impossible. The remaining two variants are in fact symmetric; both cases correspond to circle actions on HP 2 that have been written out explicitly at the beginning of this paper. Type of this action depends on whether the sum (a 1 + a 2 ) (or, equivalently, b 1 + b 2 ) is odd or even.
Suppose that signs of points (q 1 , q 2 , q 3 ) are (++−) respectively. Then we can get contradiction using only localization theorem.
The weight conditions are of form:
and with the second one we'll do the following: subtract from it the first equation multiplied by (a ). Then we have: 
Consider now circle action on HP 2 acting by formula:
where p 1 , p 2 , p 3 are, at the same time, integers or semi-integers, and
By direct calculations we get the following:
• weights in point (1 : 0 : 0) are |p 2 ± p 1 |, |p 3 ± p 1 |;
• weights in point (0 : 1 : 0) are |p 2 ± p 1 |, |p 3 ± p 2 |;
• weights in point (0 : 0 : 1) are |p 3 ± p 2 |, |p 3 ± p 1 |. Returning to original problem, our task is to find numbers p 1 , p 2 , p 3 corresponding to original weight values of a 1 , a 2 , b 1 , b 2 . The only answer possible is
and fixed point q 1 corresponds to (0 : 1 : 0). The next point containing weight a 1 is (0 : 0 : 1) and it corresponds to q 3 , so (1 : 0 : 0) corresponds to q 2 . Now suppose that signs are of the form (+ − +). Then localization equation results in
Parameters of corresponding circle action on HP 2 now may be found as in case that we just considered.
Case Two
Here we suppose that c 1 = b 1 , c 2 = b 2 . In this case one can simply come to contradiction by using only localization theorem.
We have:
and so signs of the fixed points should have the form (+ + −). We get that 2b 1 b 2 = a 1 a 2 . Now let us write localization theorem for first Pontrjagin class p 1 (M):
After all simplifications we get:
and using a 2 a 1 we get that
2 , and so a 1 + a 2 > b 1 + b 2 . Summing up these inequalities, we imply a 2 > b 2 and since a 1 b 1 , sums of squares are not equal -this is a contradiction.
Case Three
Finally let us suppose that c 1 = a 1 −b 1 , c 2 = b 2 . It turns out that this is possible only when b 2 = a 1 /2 (so this is in fact case c i = a 1 − b i ). To show that we will have to check out all of three possible cases of fixed point sign distributions. So the proof splits here in three more cases. Now localization equations have the following form:
2 ) = 0. Here by ± we mean the sign of a corresponding fixed point q 1 , q 2 , q 3 ; recall that these signs contain exactly two pluses and one minus as was discussed above.
Suppose that signs of points q 1 , q 2 , q 3 are of the form (+ + −). Then localization equation for the unity class is
Consider the localization equation for first Pontryagin class and subtract from it equation for unity class multiplied by (a 
But −b 2 (a 1 − 2b 1 ) = a 1 a 2 , so we can make the corresponding substitution in the equation and drop a 1 a 2 . The result is
We know that a 1 −b 1 > 0 and so b 2 −a 2 > 0 and b 2 > 1. Consider now the component M Z b 2 containing points q 1 , q 2 , q 3 . Each of these points contains at least one weight -multiple of b 2 , so the number of such weights in all of q 1 , q 2 , q 3 should be equal.
Since a 2 < b 2 and number of weights that are multiples of b 2 coincides in q 1 and q 2 , weights b 1 and a 1 − b 1 are or are not, at the same time, multiples of b 2 . If they both are multiples of b 2 , then all weigths in q 3 are also multiples of b 2 and since b 2 > a 2 1, circle action is not effective in this case.
So the only remaining possibility is that a 1 is a multiple of b 2 , a 1 = kb 2 . One can now write localization theorem for unity class and action of circle quotient S 1 /Z b 2 on the component M Z b 2 containing q 1 , q 2 , q 3 . A simple explicit calculation shows that k = 2, so b 2 = a 1 /2.
Finally let us consider sign distribution of (−+ +). 
